All rings are commutative with 1 = 0, and all modules are unital. The purpose of this paper is to investigate the concept of 2-absorbing primary submodules generalizing 2-absorbing primary ideals of rings. Let M be an R-module. A proper submodule N of an R-module M is called a 2-absorbing primary submodule of M if whenever a, b ∈ R and m ∈ M and abm ∈ N , then am ∈ M -rad(N ) or bm ∈ M -rad(N ) or ab ∈ (N :R M ). It is shown that a proper submodule N of M is a 2-absorbing primary submodule if and only if whenever I1I2K ⊆ N for some ideals I1, I2 of R and some submodule K of M , then I1I2 ⊆ (N :R M ) or I1K ⊆ M -rad(N ) or I2K ⊆ M -rad(N ). We prove that for a submodule N of an R-module M if M -rad(N ) is a prime submodule of M , then N is a 2-absorbing primary submodule of M . If N is a 2-absorbing primary submodule of a finitely generated multiplication R-module M , then (N :R M ) is a 2-absorbing primary ideal of R and M -rad(N ) is a 2-absorbing submodule of M .
Introduction and Preliminaries
Throughout this paper all rings are commutative with a nonzero identity and all modules are considered to be unitary. Prime submodules have an important role in the theory of modules over commutative rings. Let M be a module over a commutative ring R. A prime (resp. primary) submodule is a proper submodule N of M with the property that for a ∈ R and m ∈ M , am ∈ N implies that m ∈ N or a ∈ (N : R M ) (resp. a k ∈ (N : R M ) for some positive integer k). In this case p = (N : R M ) (resp. p = (N : R M )) is a prime ideal of R. There are several ways to generalize the concept of prime submodules. Weakly prime submodules were introduced by Ebrahimi Atani and Farzalipour in [16] . A proper submodule N of M is weakly prime if for a ∈ R and m ∈ M with 0 = am ∈ N , either m ∈ N or a ∈ (N : R M ). Behboodi and Koohi in [13] defined another class of submodules and called it weakly prime. Their paper is on the basis of some recent papers devoted to this new class of submodules. Let R be a ring and M an R-module. A proper submodule N of M is said to be weakly prime when for a, b ∈ R and m ∈ M , abm ∈ N implies that am ∈ N or bm ∈ N . To avoid the ambiguity, Behboodi renamed this concept and called submodules introduced in [13] , classical prime submodule.
Badawi in [9] generalized the concept of prime ideals in a different way. He defined a nonzero proper ideal I of R to be a 2-absorbing ideal of R if whenever a, b, c ∈ R and abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I. This definition can obviously be made for any ideal of R. This concept has a generalization, called weakly 2-absorbing ideals, which has studied in [10] . A proper ideal I of R to be a weakly 2-absorbing ideal of R if whenever a, b, c ∈ R and 0 = abc ∈ I, then ab ∈ I or ac ∈ I or bc ∈ I. Anderson and Badawi [6] generalized the concept of 2-absorbing ideals to n-absorbing ideals. According to their definition, a proper ideal I of R is called an n-absorbing (resp. strongly n-absorbing) ideal if whenever x 1 · · · x n+1 ∈ I for x 1 , . . . , x n+1 ∈ R (resp. I 1 · · · I n+1 ⊆ I for ideals I 1 , . . . , I n+1 of R), then there are n of the x i 's (resp. n of the I i 's) whose product is in I. They proved that a proper ideal I of R is 2-absorbing if and only if I is strongly 2-absorbing.
In [26] , the concept of 2-absorbing and weakly 2-absorbing ideals generalized to submodules of a module over a commutative ring. Let M be an R-module and N a proper submodule of M . N is said to be a 2-absorbing submodule (resp. weakly 2-absorbing submodule) of M if whenever a, b ∈ R and m ∈ M with abm ∈ N (resp. 0 = abm ∈ N ), then ab ∈ (N : R M ) or am ∈ N or bm ∈ N . Badawi et. al. in [11] introduced the concept of 2-absorbing primary ideals, where a proper ideal I of R is called 2-absorbing primary if whenever a, b, c ∈ R with abc ∈ I, then ab ∈ I or ac ∈ √ I or bc ∈ √ I. Let R be a ring, M an R-module and N a submodule of M . We will denote by (N : R M ) the residual of N by M , that is, the set of all r ∈ R such that rM ⊆ N . The annihilator of M which is denoted by ann R (M ) is (0 : R M ). An R-module M is called a multiplication module if every submodule N of M has the form IM for some ideal I of R. Note that, since I ⊆ (N : [17] . Finitely generated faithful multiplication modules are cancellation modules [25, Corollary to Theorem 9] , where an R-module M is defined to be a cancellation module if IM = JM for ideals I and J of R implies I = J. It is well-known that if R is a commutative ring and M a nonzero multiplication R-module, then every proper submodule of M is contained in a maximal submodule of M and K is a maximal submodule of M if and only if there exists a maximal ideal m of R such that K = mM [17, Theorem 2.5]. If M is a finitely generated faithful multiplication R-module (hence cancellation), then it is easy to verify that (IN : R M ) = I(N : R M ) for each submodule N of M and each ideal I of R. For a submodule N of M , if N = IM for some ideal I of R, then we say that I is a presentation ideal of N . Clearly, every submodule of M has a presentation ideal if and only if M is a multiplication module. Let N and K be submodules of a multiplication R-module M with N = I 1 M and K = I 2 M for some ideals I 1 and I 2 of R. The product of N and K denoted by N K is defined by N K = I 1 I 2 M . Then by [3, Theorem 3.4] , the product of N and K is independent of presentations of N and K. Moreover, for a, b ∈ M , by ab, we mean the product of Ra and Rb. Clearly, N K is a submodule of M and N K ⊆ N ∩ K (see [3] ). Let N be a proper submodule of a nonzero R-module M . Then the M -radical of N , denoted by M -rad(N ), is defined to be the intersection of all prime submodules of M containing N . If M has no prime submodule containing N , then we say M -rad(N ) = M . It is shown in [17, Theorem 2.12] that if N is a proper submodule of a multiplication R-module M , then M -rad(N ) = (N : R M )M . In this paper we define the concept of 2-absorbing primary submodules. We give some basic results of this class of submodules and discuss on the relations among 2-absorbing ideals, 2-absorbing submodules, 2-absorbing primary ideals and 2-absorbing primary submodules.
2 Properties of 2-absorbing primary submodules Definition 2.1. A proper submodule N of an R-module M is called a 2-absorbing primary submodule (resp. weakly 2-absorbing primary submodule) of M if whenever a, b ∈ R and m ∈ M and abm ∈ N (resp. 0 = abm ∈ N ), then am ∈ M -rad(N ) or bm ∈ M -rad(N ) or ab ∈ (N : R M ).
Example 2.2. Let p be a fixed prime integer and Example 1] it was shown that every submodule G t is not primary. For 
(2)⇒(3) Notice to the fact that if a submodule (a subgroup) is a subset of the union of two submodules (two subgroups), then it is a subset of one of them. Thus we have (N : Case 2. Theorem 2.7. Let M be a (resp. finitely generated multiplication) R-module and N be a submodule of M . If M -rad(N ) is a (resp. primary) prime submodule of M , then N is a 2-absorbing primary submodule of M .
Proof. Suppose that M -rad(N ) is a prime submodule of M . Let a, b ∈ R and m ∈ M be such that abm ∈ N , am ∈ M -rad(N ). Since M -rad(N ) is a prime submodule and abm ∈ M -rad(N ), then b ∈ (M -rad(N ) : R M ). So bm ∈ Mrad(N ). Consequently N is a 2-absorbing primary submodule of M . Now assume that M is a finitely generated multiplication module and M -rad(N ) is a primary submodule of M , then M -rad(N ) is a prime submodule of M , by Proposition 2.5. Therefore N is 2-absorbing primary.
In [2, Theorem 1(3)], it was shown that for any faithful multiplication module M not necessary finitely generated, M -rad(IM ) = √ IM for any ideal I of R.
Theorem 2.8. Let M be a (resp. finitely generated faithful multiplication) faithful multiplication R-module. If M -rad(N ) is a (resp. primary) prime submodule of M , then N n is a 2-absorbing primary submodule of M for every positive integer n ≥ 1.
Proof. Assume that M is a (resp. finitely generated faithful multiplication) faithful multiplication module and M -rad(N ) is a (resp. primary) prime submodule of M . There exists an ideal I of R such that N = IM . Thus
which is a (resp. primary) prime submodule of M . Hence for every positive integer n ≥ 1, N n is a 2-absorbing primary submodule of M , by Theorem 2.7.
Recall that a commutative ring R with 1 = 0 is called a divided ring if for every prime ideal p of R, we have p ⊆ xR for every x ∈ R\p. Generalizing this idea to modules we say that an R-module M is divided if for every prime submodule N of M , N ⊆ Rm for all m ∈ M \N . Theorem 2.9. If M is a divided R-module, then every proper submodule of M is a 2-absorbing primary submodule of M . In particular, every proper submodule of a chained module is a 2-absorbing primary submodule.
Proof. Let N be a proper submodule of M . Since the prime submodules of a divided module are linearly ordered, we conclude that M -rad(N ) is a prime submodule of M . Hence N is a 2-absorbing primary submodule of M by Theorem 2.7.
Remark 2.10. Let I = (0 : R M ) and R = R/I. It is easy to see that N is a 2-absorbing primary R-submodule of M if and only if N is a 2-absorbing primary R -submodule of M . Also, (N : R M ) is a 2-absorbing primary ideal of R if and only if (N : R M ) is a 2-absorbing primary ideal of R . Theorem 2.11. Let S be a multiplicatively closed subset of R and M be an Rmodule. If N is a 2-absorbing primary submodule of M and
Theorem 2.12. Let I be a 2-absorbing primary ideal of a ring R and M a faithful multiplication R-module such that Ass R (M/ √ IM ) is a totally ordered set. Then abm ∈ IM implies that am ∈ √ IM or bm ∈ √ IM or ab ∈ I whenever a, b ∈ R and m ∈ M .
Proof. Let a, b ∈ R, m ∈ M and abm ∈ IM . If (
is an ideal of R, and so there is a maximal ideal m such that (
IM and so 1 − x ∈ ( √ IM : R am) ⊆ m which is a contradiction. If arb ∈ I, then ar ∈ √ I or br ∈ √ I or ab ∈ I which the first two cases are impossible, thus ab ∈ I.
Let R be a ring with the total quotient ring K. A nonzero ideal I of R is said to be invertible if II −1 = R, where I −1 = {x ∈ K | xI ⊆ R}. The concept of an invertible submodule was introduced in [23] as a generalization of the concept of an invertible ideal. Let M be an R-module and let S = R\{0}. Then T = {t ∈ S | tm = 0 for some m ∈ M implies m = 0} is a multiplicatively closed subset of R. Let N be a submodule of M and N = {x ∈ R T | xN ⊆ M }. A submodule N is said to be invertible in M , if N N = M , [23] . A nonzero R-module M is called Dedekind provided that each nonzero submodule of M is invertible.
We recall from [20] that, a finitely generated torsion-free multiplication module M over a domain R is a Dedekind module if and only if R is a Dedekind domain. 3. If N is a nonzero 2-absorbing primary submodule of M , then either N = P n for some prime submodule P of M and some positive integer n ≥ 1 or N = P n 1 P m 2 for some prime submodules P 1 and P 2 of M and some positive integers n, m ≥ 1.
Proof. By the fact that every multiplication module over a Noetherian ring is a Noetherian module, M is Noetherian and so finitely generated.
(1) ⇒ (2) Let N be a 2-absorbing primary submodule of M . There exists a proper ideal I of R such that N = IM . So (N : R M ) = I is a 2-absorbing primary ideal of R, by Theorem 2.6. Since R is a Dedekind domain, then we have either I = m n for some maximal ideal m of R and some positive integer n ≥ 1 or I = m 
It is sufficient to show that R is a Dedekind domain, for this let m be a maximal ideal of R. Let I be an ideal of R such that m 2 ⊂ I ⊂ m. So √ I = m and then M -rad(IM ) = mM , since M is a faithful multiplication R-module. Then IM is a 2-absorbing primary submodule of M , Theorem 2.7. By assumption, either IM = P n for some prime submodule P of M and some positive integer n ≥ 1 or IM = P n 1 P m 2 for some prime submodules P 1 and P 2 of M and some positive integers n, m ≥ 1. Now, since M is cancellation, either I = p n for some prime ideal p of R or I = p Proposition 2.14. Let M be a multiplication R-module and K, N be submodules of M . Then Proof.
, by Proposition 2.14. Suppose that abm ∈ N for some a, b ∈ R and m ∈ M and ab ∈ (N :
Lemma 2.16. Let M be an R-module and N a 2-absorbing primary submodule of M . Suppose that abK ⊆ N for some elements a, b ∈ R and some submodule
Proof. Suppose that aK M -rad(N ) and bK M -rad(N ). Then ak 1 ∈ Mrad(N ) and bk 2 ∈ M -rad(N ) for some k 1 , k 2 ∈ K. Since abk 1 ∈ N and ab ∈ (N : R M ) and ak 1 ∈ M -rad(N ), we have bk 1 ∈ M -rad(N ). Since abk 2 ∈ N and ab ∈ (N : R M ) and bk 2 ∈ M -rad(N ), we have ak 2 ∈ M -rad(N ). Now, since ab(k 1 + k 2 ) ∈ N and ab ∈ (N : R M ), we have a(
The following theorem offers a characterization of 2-absorbing primary submodules.
Theorem 2.17. Let M be an R-module and N be a proper submodule of M . The following conditions are equivalent:
1. N is a 2-absorbing primary submodule of M ; 2. If I 1 I 2 K ⊆ N for some ideals I 1 , I 2 of R and some submodule K of M , then either
Proof.
(1)⇒(2) Suppose that N is a 2-absorbing primary submodule of M and I 1 I 2 K ⊆ N for some ideals I 1 , I 2 of R and some submodule K of M and
. Then there are a 1 ∈ I 1 and a 2 ∈ I 2 such that a 1 K M -rad(N ) and
by Lemma 2.16. We consider three cases.
. Similar to the previous case we reach to a contradiction. N 1 N 2 N 3 ⊆ N for some submodules N 1 , N 2 and N 3 of M such  that N 1 N 2 N . Since M is multiplication, there are ideals Let M be a multiplication R-module and N a primary submodule of M . We know that (N : R M ) is a prime ideal of R and so P = M -rad(N ) = (N : R M )M is a prime submodule of M . In this case we say that N is a P -primary submodule of M .
Corollary 2.21. Let M be a multiplication R-module and P 1 and P 2 be prime submodules of M . Suppose that P n 1 is a P 1 -primary submodule of M for some positive integer n ≥ 1 and P m 2 is a P 2 -primary submodule of M for some positive integer m ≥ 1.
is a 2-absorbing primary submodule of M .
2. If in addition M is finitely generated faithful, then P [3, Theorem 3.16] . Without loss of generality we may assume that for some 1 ≤ t < n, {M -rad (N 1 
As an immediate consequence of Theorem 2.24(2) we have the following Corollary. 
